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Abstract

Given a graph F' and an integer r > 2, a partition F of the edge set of F' into at most r classes,
and a graph G, define ¢ ﬁ(G) as the number of r-colorings of the edges of G that do not contain
a copy of F' such _that the edge partition induced by the coloring is isomorphic to the one of
F. We think of F as the pattern of coloring that should be avoided. The main question is,

for a large enough n, to find the (extremal) graph G on n vertices which maximizes ¢ ﬁ(G)

This problem generalizes a question of Erdés and Rothschild, who originally asked about the
number of colorings not containing a monochromatic clique (which is equivalent to the case
where F' is a clique and the partition F contains a single class). We use Holder’s Inequality
together with Zykov’s Symmetrization to prove that, for any r» > 2, k > 3 and any pattern I/(-';
of the clique Ky, there exists a complete multipartite graph that is extremal. Furthermore, if
the pattern K} has at least two classes, with the possible exception of two very small patterns
(on three or four vertices), every extremal graph must be a complete multipartite graph. In
the case that 7 = 3 and F is a rainbow triangle (that is, where F' = K3 and each part is a
singleton), we show that an extremal graph must be an almost complete graph. Still for r = 3,
we extend a result about monochromatic patterns of Alon, Balogh, Keevash and Sudakov to
some patterns that use two of the three colors, finding the exact extremal graph. For the later

two results, we use the Regularity and Stability Method.
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1. Introduction

For any fixed graph F', we say that a graph G is F'-free if it does not contain F' as a
subgraph. Finding the maximum number of edges among all F-free n-vertex graphs, and
determining the class of n-vertex graphs that achieve this number is known as the Turdn
problem associated with F', which was solved for complete graphs in [21]. The maximum
number of edges in an F-free n-vertex graph is denoted by ex(n, F') and the n-vertex graphs
that achieve this bound are called F-extremal. Turan has found the value of ex(n, F') for the
case where F'is a clique K on k vertices, for any k > 3. Moreover, he showed that the Kj-free
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graph on n vertices which has ex(n, K) edges is unique (up to isomorphism). This graph is a
complete multipartite graph with k — 1 parts of sizes as equal as possible, and we will denote
it by Tx—1(n). This problem and its many variants have been widely studied and there is a
vast literature related with it. For more information, see Fiiredi and Simonovits [5] and the
references therein.

In connection with a question of Erdds and Rothschild [4], several authors have investi-
gated the following related problem. Instead of looking for F'-free n-vertex graphs, they were
interested in edge-colorings of graphs on n vertices such that every color class is F-free. (We
observe that edge colorings in this work are not necessarily proper colorings.) More precisely,
given an integer » > 1 and a graph F' containing at least one edge, one considers the function
¢, r(G) that associates, with the graph G, the number of r-colorings of the edge set of G
for which there is no monochromatic copy of F'. Similarly as before, the problem consists of
finding ¢, p(n), the maximum of ¢, p(G) over all n-vertex graphs G.

The function ¢, p(n) has been studied for several classes of graphs, such as complete
graphs [1, 17, 23|, odd cycles [1], matchings |7], paths and stars [9]. The hypergraph analogue of
this problem has also been considered, see for instance [8, 10, 14, 15], and there has been recent
progress in the context of additive combinatorics [6]. There is a straightforward connection
between ¢, p(n) and ex(n, F), namely

erp(n) > ) for every n > 2, (1)

as any r-coloring of the edges of an F-extremal n-vertex graph is trivially F-free, and there
are precisely (") such colorings. For r € {2,3} the inequality (1) is actually an equation
for several graph classes, such as complete graphs [1, 23], odd cycles [1] and matchings [7]. On
the other hand, for 7 > 4 and all connected F, one may easily show that ¢, p(n) > r(F)
(see [1] for non-bipartite graphs and |9, Proposition 3.4| for bipartite graphs).

Here we consider a natural generalization of the above, which was first studied by Lefmann
and one of the current authors [11]. Given a k-vertex graph F' and a colored graph I" obtained
by coloring the edges of I’ with at most r colors, we consider the number of r-edge-colorings
of a larger graph G that avoids the color pattern of I'. Here, a pattern F of a graph F' is
defined as any partition of the edge set of F', and the pattern given by a coloring I' is simply
the pattern induced by the color classes. Notice that in a pattern we ignore the name of

the colors. We let ¢ #(G) denote the number or r-colorings of G' which contain no k-vertex

subgraph whose color pattern is isomorphic to the one of F ; naturally, the quantity c_z(n)
is the maximum of ¢_#(G) over all n-vertex graphs. We say that a coloring that avoids the

pattern of F is F-free. When the context is clear we omit the subscripts in ¢, p(G) and also

refer to an F-free r-coloring simply as a good coloring. Also, a graph G on n vertices is called
(r, F)-extremal (or simply extremal), when ¢, p(G)=c,p(n).

We note that Balogh [2] had also considered a multicolored variant of the original Erdds-
Rothschild problem. Given F, I' and G as before, he considered the number C,r(G) of
r-colorings of G which do not contain a copy of F' colored ezactly as I' (that is, in his version,
we were not allowed to permute the colors). Observe that, if F is the pattern given by I’
c,. #(G) < G, r(G), but the notions of these two quantities are different. For example, consider
the case where I' is a coloring of F' that uses only one of the r colors, say “blue”. In this
case, ¢, 7#(G) counts the number of colorings of G that avoids monochromatic copies of F,
agreeing with the previous definition of ¢, p(G), while C, p(G) is the number of colorings of
G which does not contain a blue copy of F' (but may contain monochromatic copies of F' in
other colors). As another example, if one considers r-colorings of G, but the coloring of I" uses



at most r — 1 of the colors, then the complete graph K, is always extremal for C,r(n), as
the missing color may be used for any edge and hence may be used to extend colorings of any
n-vertex graph G to colorings of K. However, colorings may not always be extended in this
way in the case where we want to avoid color patterns, that is, when we are searching for the
extremal graphs of ¢, p(n).

Balogh [2] proved that in the case where r = 2 and I" is a 2-coloring of a clique K}, that uses
both colors then Cy p(n) = 2%(K%) for n large enough, so the Turan graph T, (n) allows the
maximum number of 2-colorings with no copy of I'. (Note that this implies CQ’ﬁ(n) = 9ex(n.F)
for any pattern of K}, with two classes.) However, the picture changes if we consider 3-colorings
with no rainbow triangles (pattern Ry in Figure 1): Balogh also observed that, if we color
the complete graph K, with any two of the three colors available, there is no rainbow copy
of K3, which gives at least 3 - 2(3) 3 > 3ox(nKs) — gn?/4+o(n®) gistinct colorings avoiding
rainbow triangles. (As usual, we say that two positive functions g, f satisfy g(n) < f(n) if
lim,, o0 g(n)/f(n) =0.)

In this paper, we focus on the case where r > 3 and the pattern is given by any edge-
coloring of a clique that is not monochromatic. The paper has two parts which use very
different techniques. In the first part, corresponding to Section 2, we shall use some ideas
from the so called Zykov’s symmetrization [24] (which also yields one of the classical proofs
of Turan’s theorem), together with Holder’s Inequality for a certain vector space, to prove a
general result that works for arbitrary patterns (including the monochromatic one). First we
show the following:

Theorem 1.1. Let ﬁk be any r-coloring of Ki. For every natural n, there exists a complete
multipartite graph on n vertices which is (r, Fy)-extremal.

Very recently, Pikhurko, Staden and Yilma [16] have obtained a similar result, albeit for
a different extension of the original problem about monochromatic patterns (their forbidden
patterns are still only monochromatic cliques, but they forbid cliques of different sizes for
different colors).

In addition, we also proved that whenever the pattern is non-monochromatic and is differ-
ent than two particular small patterns, then every extremal graph is a complete multipartite
one.

Theorem 1.2. Letr > 2 and k > 3 be given and let ﬁk be an r-coloring of K} which is not
monochromatic and is different from the pattern Ty. Also assume that if r = 2 then F} is
different from the pattern Py (see Figure 1). Then every (r, ﬁk)-extremal graph is a complete
multipartite graph.
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Figure 1: Some special patterns of colorings: Ty, P1, P», use two colors, and Ry and Ps use three colors.

We remark that when r = 2, the previously mentioned results [1, 2, 23| for C, 7 (n) already

imply that Cy B, (n) = 2ex(n.Kk) for every k > 3 and every 2-coloring ﬁk of the complete graph



Kj.. In particular, in the case where ﬁk = P, and r = 2, our proof of Theorem 1.2 does not
work, but we already know the exact optimum. Furthermore, if r = 3 and ﬁg, is the pattern Tg
in Figure 1, then our main theorem in Section 5 implies that the (only) extremal graph is the
Turéan graph. We believe that the conclusion in Theorem 1.2 actually works for any pattern
given by a coloring of a clique.

A strong implication of Theorem 1.2 is that, in order to find any extremal graph of the
pattern in the statement, we only have to find the number of vertices in each class that
maximizes the number of colorings. We believe that if the pattern has some symmetry, then
the number of vertices in each class must be the same. However, we have no indication that
this must be true for all patterns. As a matter of fact, if we do not require the forbidden
graph to be complete, there are instances where the extremal graph is complete multipartite,
but the classes are not equitable, see [11, 7| in the case of matchings, or where the extremal
graph is not even complete multipartite, see [9].

The exact extremal graph is known only for a very small values of r» and very particular
patterns. In most cases, when we do know the exact extremal graph for <, #(n), it happens
that we have equality in (1) and the extremal is the graph on n vertices and ex(n, F') edges.
Pikhurko and Yilma [17] have found the exact extremal graph for two cases where we do not
have equality in (1): when r = 4 and F is either a monochromatic K3 or K4. Of course, such
extremal graphs for Ky, for both ¢ = 3 and ¢t = 4, are still complete multipartite graphs (in
fact, they are also Turan graphs, but different from 7;_1(n)), as our result in Theorem 1.2.

In the second part of the paper, we focus on the case where r = 3 and try to get more
precise results for a specific family of patterns. We extend to multicolored patterns the method
of Alon, Balogh, Keevash and Sudakov [1] (see also [2]), which uses Szemerédi’s Regularity
Lemma. Our original motivation was only to look at the pattern Ty (the two-colored triangle)
and Ry (the rainbow triangle) in Figure 1. We conjecture that the extremal graph for Ry
is the complete graph (when r = 3). In Section 4, our main result (Theorem 4.4) is an
approximate version of this which says that an extremal graph is an almost complete graph
(in two different ways). For the particular case where the colored graph is K, we give a very
short proof (by induction) that the number of colorings of it avoiding a rainbow triangle is at

most 5(n — 1)! - 2("2"). Tt came recently to our attention (through personal communication)
that results of V. Falgas-Ravry, K. O’Connell, J. Stromberg, and A. Uzzell involving the
Entropy Method, Graph Limits and the Containers Method lead to a weaker bound of the
form 2(1+0(1))(§).

Finally, in Section 5, we prove that for any pattern ﬁk (generated by a coloring of Kj)
that satisfies a certain stability condition the (only) extremal graph for ¢, B, (n) is the Turan
graph Tj_1(n), for each n large enough. Afterwards, we show that such stability is satisfied by
patterns that use only two colors and one of which induces a graph of small Ramsey number,
which includes the pattern Ry. Given a graph F', the Ramsey number R(F,F) is the smallest
number ¢ such that any edge-coloring of the complete graph K, with two colors contains a
monochromatic copy of F'. Together, these results add up to the following main theorem.

Theorem 1.3. Let k > 3 and let F be a pattern of Ky with two classes, one of which induces
a graph J such that R(J,J) < k. Then, for n sufficiently large, an n-vertex graph G satisfies
¢y p(Q) = ¢ p(n) if and only if G is isomorphic to the Turdn graph Ty, _1(n).

Recently, there has also been progress in finding graphs that admit the largest number of
r-colorings avoiding some pattern of a complete graph for r > 4 colors. Typically, the results
obtained focus on rainbow patterns of Kj, that is, patterns where all edges are assigned



different colors, and show that the Turan graph Tj;_1(n) is optimal for large n as long as
r > ro(k). For instance, in the case k = 3, this is known for 7o = 5 (see [12]). In [12], the
authors also extend the general method of [1] to multicolored patterns, but the results in the
first part allow us to shorten it slightly.

2. Results that hold for every coloring pattern I?’k of a clique K.

For this section, » > 2 and k£ > 3 are natural numbers and ﬁk is any r-coloring of a
complete graph K.

For a vector Z indexed by a set T', we will denote by x(t) the value of x at coordinate ¢,
where ¢ € T. We will use [|Z],, to denote the £)-norm of 7, so for p € (0,00) we have

1/p
=], = (Z !x(t)\p> -
teT

Moreover, for a sequence of vectors x1, ..., xs, each indexed by T', we will denote their pointwise
product by [];_; Z, that is, the vector y such that for each ¢ € T we have y(t) = [[;_; zx(t).

Definition 2.1. If H is a subgraph of a graph G and H is an ﬁk—free r-coloring of H, we
denote by c, 5 (G | H) the number of ways to r-color the edges in E(G) — E(H) in such a
way that the resulting coloring is still ﬁk-free. For a single vertex v € V(G) — V(H), we use
the notation c, 7. (v, H) for the number of ways to r-color the edges from v to V(H) (again
avoiding ﬁk) We also define Uy as the vector indexed by the ﬁk-free r-colorings of H, whose
coordinate corresponding to a coloring H is given by vg(H) = ¢, p (v, H).

We have the following immediate proposition.

Proposition 2.2. If H is_an induced subgraph of G such that S = V(G) — V(H) is an
independent set in G, and H is an Fk -free r-coloring of H, then

G]H Hch

vES

Proof. 1t follows trivially from the fact that there is no K} that contains two vertices of .S and
therefore the choice of colors of the edges incident to a vertex of S does not affect the colors
of edges incident to other vertices of S. O

We will need the inequality below, known as the Generalized Holder’s Inequality (stated
here for the particular case of the counting measure on a finite set). For a more general version
see the book [22] (chapter 8, exercise 6).

Lemma 2.3 (Holder’s Inequality). Assume that r € (0,00) and p1,p2,...,ps € (0,00] are

such that
o
= PE T

and let 21, ...,Ts be compler-valued vectors indexed by a common set T. We have

S S
1Tl < IJlzl,, -
k=1 k=1

r



Furthermore, equality happens above if and only if for every i,j € [s] there is oy such that
for every t € T we have

7P = aij - 25O

. Py
(hz1,,)

Remark. One may easily check that a; ; = W
j

We will actually use it only in the following particular form.

Corollary 2.4. Let T1,...,Ts be complez-valued vectors indexed by the same set. We have

s
< TT ;-
k=1

Furthermore, equality happens if and only if for every i,j € [s] the vector (|x;(t)|)ier (whose
entries are the absolute values of those in &;) is a multiple of (|x;(t)|)ier-

1

Proof. Take r =1 and, for 1 <1 < s, take p; = s in the statement of Lemma 2.3. The equality
condition, also follows from the equality condition in Lemma 2.3. O

Remark 2.5. When s = 2, the inequality in Corollary 2.4, is equivalent to the Cauchy-
Schwartz inequality: (Z1,Z2) < ||Z1|| ||Z2]-

Definition 2.6. We say that two vertices are twins if they are non-adjacent and have the
same neighborhood. Cloning a vertexr v of a graph G means to create a new graph G whose
vertex set is V(G) U {v} where U is a new vertex which is a twin of v.

For the next lemma we consider the following operation: take an independent set S of a
graph G, select a particular vertex v € S, delete all vertices in S —v and add |S|— 1 new twins
of v. The result is a new graph which has at least as many good colorings as G.

Lemma 2.7. Let ﬁk be any r-coloring of Ki. Let G be a graph on n vertices, S C V(G) be
an independent set with s = |S|, H =G — S, and A=V (G) — S. There exists a verter v € S
with the following property: if we construct the graph G with V(G) = V(H) U S, where S is
an independent set on s vertices, each of which is a twin of v, and G[A] = G[A], then:

(a) ¢, 5,(@) 2 ¢, 5 (G);
(b) If G is (r, Fk)-extrema,l, then for every u,w € S we must have Ug = Wgy.

Proof. Let S be any independent set in G, and let H = G — S. For each u € S, consider the
vector éy as in Definition 2.1. By Proposition 2.2, the total number of Fj-free r-colorings of

G is
(@) = Z (G| H) = ZHC HuH

H H u€S uesS

9

where the sums are taken over all possible ﬁk—free r-colorings Hof H. (For the last equality
we also used that every coordinate of iy is non-negative).

Let v be a vertex in S for which ||y, is maximum. This fact, together with Holder’s
Inequality (Corollary 2.4), gives us:

[ @n

u€es

< [T @l < lloulf- (2)

1 uesS




On the other hand, for the graph G defined in the statement of this lemma, we have:

o(G) =Y elv, H) = |[Tmll;.-

H

Therefore, ¢(G) > ¢(G).

To prove part (b), assume G is extremal and @ is as above. Since ¢(G) > ¢(@), we must
have ¢(G) = ¢(@). Therefore, we must also have equality in both inequalities in (2). From the
second one, it follows that for every u € S, we must have ||@y||, = ||| ,. From the first one,
where we used Corollary 2.4, the equality condition in such corollary, together with the fact
that all our vectors have only non-negative entries, and the fact that ||dg||, = ||Un||,, implies
that @y = Ug. And it follows trivially, that for every uw,w € S we must have Wy = Wp. O

Corollary 2.8. If G is an (r, ﬁk)—extremal graph, and u,v € V(G) are any non-adjacent
vertices, then deleting v and cloning u produces a graph that is also extremal.

Proof. Since G is extremal, by Lemma 2.7-(b) with S = {u,v} and G, = G — {u, v}, we must
have ig,, = Vg, therefore replacing v by a twin of u (or w by a twin of v) does not change
the number of colorings of the graph. O

By repeatedly applying Corollary 2.8 above, we can easily show that there exists a com-
plete multipartite graph on n vertices which is (r, ﬁk)—extremal. Although this is a direct
consequence of Corollary 2.8, we spell out the details. On the other hand, showing that (for
non-monochromatic patterns) every extremal is a complete multipartite graph will require
more work.

Theorem 1.1. Let ﬁk be any r-coloring of Kj. For every natural n, there exists a complete
multipartite graph on n vertices which is (r, Fy)-extremal.

Proof of Theorem 1.1. Let G be any (r, ﬁk)—extremal graph on n vertices. We will build a
sequence of extremal graphs, each on n vertices, say Gy, G1,...,G:, where Gg = G, and
G: is a complete multipartite graph. We do it in such a way that, for ¢ > 1, we have
V(G;) = S1U---US; UR;, where for every j € {1,...,i}, the set S; is an independent
set and every vertex in S; is adjacent to every vertex outside S; (including those in R;), but
we have no control of the edges inside R;. It will also hold that Ry C Ry—1 C --- C Ry C V(G),
and R; will be independent.

To simplify the notation, we also define Ry = V(Gp) = V(G). Assume that we have
constructed Gy, for some ¢ > 0. If R; is an independent set, we have found a complete
multipartite graph which is extremal, so we can set ¢ = ¢ and stop. Otherwise, let v; be any
vertex of R; that has a neighbor in R;. Note that, by the definition of G;, all non-neighbors
of v; belong to R;. Let d; be the number of non-neighbors of v;. We can obtain G;,; applying
Corollary 2.8 successively d; times, deleting each non-neighbor of v; and adding twins of v;
(one by one). Let S;;1 be the set formed by v; and its new twins and let R;;1 to be the set of
neighbors of v; in R;. Observe that R;11 is strictly smaller than R; since it does not contain
v;. It is also important to notice that, at every step when we use Corollary 2.8 we apply it to
the whole graph G; and not only to G;[R;]. a

Observe that in the proof of Theorem 1.1 we may select v; as the vertex with the largest
degree in R;. By doing this, we obtain, starting from an extremal graph G, a complete
multipartite graph that has at least as many edges as G. In the next lemma, we show that



if G is not complete multipartite itself, we can find another complete multipartite extremal
graph by only deleting edges of G.

Lemma 2.9 (Edge deletion lem/r\na). Let F\k be any r-coloring of graph Ky and r > 2 be a
natural number. Let G be an (r, F},)-extremal graph. For any u,v,w such that uwv,uw ¢ E(G)
and vw € E(G), if we delete the edge vw, then the resulting graph is still extremal.

Proof. Let G be a graph as in the statement. Fix vertices u,v,w such that uv,uw ¢ E(G)
and vw € E(G) (this implies that G is not a complete multipartite graph).

Let H = G — {u,v,w}, and H* = G[V(H) U z] for z € {u,v,w}. Let G’ be the graph
obtained from G by deleting the edge vw (but not the vertices u or v), and let G* be the
graph obtained from H" by adding another two clones of u, say u; and uy. By Corollary 2.8,
the graph G* is also extremal, as we may first apply the replacement operation to the pair
u,v (deleting v and adding ;) and apply it again to the pair u, w. Therefore, ¢(G) = ¢(G¥).

Applying Proposition 2.2 to G* with S = {u, u1,u2}, we have

o(G*) = oG | H) = elu, H)* = |anl3,

H H

where the sum is taken over all ﬁk—free r-colorings of H.

Observe that, with an analogous computation, if we start from H and add three clones of
w instead of w, the resulting graph has ||’u7H||§ good colorings. But we do not know if such
graph is extremal, so we have only

- 3 3
||wH||3 < ||UH”3 (3)

On the other hand, since there are no edges from u to {v,w}, we can compute ¢(G) as
follows:

oG) =Y <c(u, H)-e(G—u| ﬁ))

H
i B @)
= Z c(u, H) - Z c(v, HY)
A Hw|H

Here, the inner sum is taken over the good colorings of H* that extend a given good
coloring of H, that is, over the colorings of the edges from w to H, for which the resulting
coloring is good. By Lemma 2.7-(b), since G is extremal and uv ¢ E(G), we have Ugwv = tgw,
that is ¢(v, ﬁ;) = c(u, T-IE) for every H¥. Finally, note that c(u, fIE) does not depend on the
colors of the edges from w to H, so c(u, EE) = ¢(u, H). Therefore,



=" c(u, H)?c(w, H) (7)
< l@nlls ldu s [[dulls (8)
< a3 - 9)

Notice that to get (8) we used Holder’s Inequality (Corollary 2.4), and (9) follows from (3).
Finally, since ¢(G) = ||@x||3, we must have equality in both (8) and (9), which in turn leads to
|tr |5 = ||Wr]5. The equality condition in Lemma 2.3 implies that @y = wg. Analogously,
Uy = vy. It follows that

~ ~

o(G*) =" e(u, H)e(v, H)e(w, H) = ¢(G).

H
O

Finally, we use Lemma 2.9 to prove our main result of this section, which we restate below.

Theorem 1.2. Let r > 2 and k > 3 be given and let ﬁk be an r-coloring of Ky which is not
monochromatic and is different from the pattern Ty. Also assume that if r = 2 then ﬁk 18
different from the pattern Py (see Figure 1). Then every (r, ﬁk)-ea:tremal graph is a complete
multipartite graph.

Proof. Let F\k be an r-coloring as in the statement. Suppose that there exists an (r, F\k)—
extremal graph G which is not a complete multipartite graph. Let u,v,w, H, HY, and H"Y be
defined as in the proof of Lemma 2.9. At the end of the proof, we concluded iy = Wy = Uy,
so for every coloring H of H we have c(u, H) = c(w, H) = ¢(v, H) We also noticed that, for
every extension of H to a coloring H¥, we have c(u, H “’) = c(u, H ).

Now note that, since v and v are not adjacent, by Lemma 2.7-(b), we have dgw = Ugw,
that is, c(u, ﬁ) = C(U,ITIE) for every H®. From the previous equalities, it follows that, for
every ﬁk-free extension HY of , we must have

c(v, HY) = ¢(v, H). (10)

Our goal here is to get a contradiction from this fact (which implies that such G cannot
exist). We only need to find an r-coloring of H and an extension of it to H*, which is ﬁk free
and such that equatlon (10) does not hold. We will split the proof into cases, dependlng on
the pattern of F k- In each case we proceed as follows. We fix a particular good coloring ow
of H* and consider the coloring H induced by it in H. Let #(v) and H*(v) denote the set
of fk—free extensions of H to H' and of H to G — u, respectively. To find a contradiction

o (10), we show that there is an injective mapping ¢: H(v) — H"(v) that is not surjective.

We say that a coloring of ﬁk is almost monochromatic if it is not monochromatic and there

exists a vertex x € F} such that all edges not incident to  have the same color, say color 1,



and there is at least one edge incident to x that is also of color 1. We call such x the special
vertex.

The remainder of the proof splits the analysis into four cases. Figure 2 illustrates how
colorings are extended in each case.
Case 1: Fk is not almost monochromatic. Let Hv be the coloring that assigns color blue
to all edges of HY, so that H is a blue coloring of H. To define the injective mapping
¢: H(v) — HY(v), for any extension of H to H”, consider the same extension of H® to the
edges between v and H and assign blue to the edge vw. ByAdeﬁnition of good coloring, there
is no Fy in the extension to HY or in H", so any copy of Fj must be induced by a set that
contains vw. However, any such set, induces a coloring that is almost monochromatic (in
which v plays the role of the special vertex ). On the other hand, consider the coloring
of G — w where all edges are blue, with the exception of the edge vw, which is colored red.
Any pattern contained in this coloring is either monochromatic or almost monochromatic, and
therefore is different from ﬁk. However, it is not in the image of ¢.
Case 2: ﬁk is_almost monochromatic and is different from the patterns Ty, Py, P, P53 of
Figure 1. Let H® be such that all edges inside H are blue and the ones from w to H are red.
To define ¢, for any good coloring that extends H to the edges between v and H, extend it by
coloring vw with red. As before, we only need to check that any pattern that contains the edge
vw is not equal to Fk Notice that here we must have k > 4 (as Fk is almost monochromatic
and different from 7p). Suppose that there is an almost monochromatic pattern that contains
vw. Note that it must contain exactly two vertices of H, one of which is the image of the
special vertex x. Because all edges in Fj, — x have the same color, ﬁk must be equal to P;, P,
or P3, a contradiction. To see that ¢ is not surjective, let all edges from v to H be red and
the edge vw be blue. It is easy to check that the only pattern which is almost monochromatic
and is contained in this coloring is Tj. -
Case 3: ﬁk 1s P; or P3, given in Figure 1. Let H¥ be such that all edges inside H are blue
and the ones from w to H are red. To define ¢, given a good coloring that extends H to the
edges between v and H, extend it to G — u by coloring vw with blue. It is easy to see that
this cannot produce P; or Ps using vw. Again, this function ¢ is not surjective, as we may
color all edges between v and H with blue and let vw be red.
Case 4: Fk is P», given in Figure 1. In this case we assume r > 3. Let H® be such that all
edges inside H are blue and the ones from w to H are red. To define ¢, given a good coloring
that extends H to the edges between v and H, extend it to G — u by coloring vw with a third
color, say green. Clearly, any four vertices containing v and w induce a pattern that uses at
least three colors, and thus is not equal to . Note that the extension of H% such that all
edges from v to H" are red does not contain the pattern P, so that ¢ is not surjective.

O]

Remark 2.10. Note that if 133 is a rainbow coloring of K3, then it is treated in Case 1 of
Theorem 1.2. The proof that we gave here does not work for monochromatic pattern simply
because our colorings of H" always contain monochromatic cliques.

3. The case of 3-colorings - Auxiliary results

In the remainder of this paper, we shall only be concerned with colorings with three colors.
In Sections 4 and 5, our proofs will be based on the Regularity Method of Szemerédi together
with some stability results. Here, we give the necessary definitions and state the main results
that we shall use.

10



Showing that ¢ is injective A coloring that is not in
the image of ¢

v w
Case 1: Avoid patterns W\
which are not almost [ VAVAR N
monochromatic, neither W
monochromatic. H H
v w
Case 2: Avoid patterns M
which are almost monochro- %/\AI ?
matic, except Ty, P, P, Ps.
0,41,42,1473 H H N\ 7
v w
Case 3: Avoid P; and Ps. M
VAV i %\
H H
v w
Case 4: Avoid P, for r > 3. M
l§ “\/\/ ?
H H N

Figure 2: How to color and to extend a coloring in each case.
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Given two disjoint non-empty sets of vertices X and Y of a graph G, we let E(X,Y’) denote
the set of edges with one end in X and the other one in Y. We also set ¢(X,Y) = |E(X,Y)|

and let d(X,Y) = &T'Q denote the edge density between X and Y.

Definition 3.1. Let G = (V, E) be a graph and let 0 < e < 1. We say that a pair (A, B) of
two disjoint subsets of V' is e-regular (with respect to G) if

|d(A',B") —d(A,B)| < ¢
holds for any two subsets A’ C A, B' C B with |A’| > ¢|A|, |B'| > ¢|B]|.

Definition 3.2. Given a graph G = (V, E), a partition V =V, U ... UV, is called e-regular
(with respect to G) if:

(a) ||Vil = |V;]| <1 for every i,j € {1,...,t}, and
(b) (Vi,V;) is e-regular for all but at most et of the pairs (V;,V;) where i # j.

In our proofs, we shall make use of a colored version of the Szemerédi Regularity Lemma [20)]
stated in [13].

Lemma 3.3. For every m,e > 0 and integer r, there exist ng and M such that, if the edges
of a graph G of order n > ng are r-colored, say E(G) = E1U---UE,, then there is a partition
of the vertex set V(G) =V U--- UV, with m <t < M which is e-reqular simultaneously with
respect to all graphs G; = (V, E;) fori=1,...,r

A partition as in Lemma 3.3 will be called a multicolored e-regular partition. Given such
a partition and given a color o € [r], we can define a cluster graph associated with color
o as follows. Given n > 0, the graph R, = R,(n) is defined on the vertex set [t] so that
{i,j} € E(Ry) if and only if (V;,V}) is an e-regular pair with edge density at least n with
respect to the subgraph of G induced by the edges of color o.

We may also define the multicolored cluster graph R associated with this partition: the
vertex set is [t] and e = {i,j} is an edge of R if e € E(R,) for some o € [r]. Each edge e in R
is assigned the list of colors L, = {o € [r]| e € E(R,)}. Given a colored graph I', we say that
a multicolored cluster graph R contains I' if R contains a copy of the underlying graph of I'
such that the color of each edge (with respect to I') is contained i n the list of the corresponding
edge in R. More generally, if F' is a graph with color pattern F we say that R contains Fif
it contains some colored copy of F' with pattern F.

One of the main advantages of considering cluster graphs are embedding results that ensure
that some substructure found within a cluster graph can also be found in the original graph.
In the present work, the following embedding result will be particularly useful. It is stated in
terms of 3-colorings because of our setting, but the same statement would hold for r colors.
The proof is quite standard and follows the arguments in the proof of [13, Theorem 2.1|, which
is known as the Key Lemma.

Lemma 3.4. For every n > 0 and every positive integer k, there exist e = e(n, k) > 0 and a
positive integer no(n, k) with the following property. Suppose that G is a 3-edge colored graph
on n > ng vertices with a multicolored e-reqular partition V.= Vi U --- U V; which defines the
multicolored cluster graph R = R(n). Let F be a fized k- vertex graph with a prescribed color
pattern F. I f R contains F then the graph G also contains F.

The following classical stability result will also be used in our proofs.

12



Theorem 3.5. [3, 19] For every o > 0 there exist 5 > 0 and ng such that any Ky-free graph
on n > ng vertices with at least ex(n, Kj) — pn? edges has a partition V=V, U---UVi_1 of
the vertex set with > e(V;) < an?.

We will also need the entropy function, which we will denote by H(z), and is defined as
H(x) = —xlogy(z) — (1 — x)logy(1 — z), for 0 < = < 1. It will be useful for the well known
estimate

< a ) < 9H@)a, (11)

ra

Note that lim, .o+ H(z) = 0.

4. 3-colorings avoiding a rainbow triangles

Throughout this section we let ﬁg be a 3-colored rainbow K3, that is, one in which all
edges have different colors. Here, we will use the Regularity Method to show that every
(3, ﬁg)—extremal graph is an ‘almost complete’ graph. Recall that we already know that it is
a complete multipartite graph.

For reasons that will be clear later, we will need to solve the problem of maximizing the
value w(G) defined below, over the set of graphs with a given number of vertices.

Definition 4.1. Given a graph G, let w : E(G) — {2,3} be the function that gives weight 2
or 3 to the edges of G in such a way that every edge that belongs to some triangle gets weight

2 and all the remaining edges get weight 3. Define w(G) to be the product of the weight of the
edges of G.

The following lemma tells us that for a given number of vertices, the value of w(G) is
maximal when G is a complete graph.

Lemma 4.2. Given a graph G on t vertices, the function w(G) defined above satisfies w(G) <

2(3).

Our proof of Lemma 4.2 (which works for all values of ¢) is based, again, on Zykov’s
Symmetrization. The next lemma is a stronger result, but works only for large values of t.
Since, in this article, we will only need results for large values of ¢, we postpone the proof of
Lemma 4.2 to the appendix. Here, given a graph G, let é(G) be the number of edges in the
complement G of G.

Lemma 4.3. Let G be a graph on t > 1000 vertices. Attribute weights to the edges of G as
in Definition 4.1. For i € {2,3}, let e; be the number of edges of weight i and let € = e(G). If
e <t2/4, then e3 < (V2 + 0.01)e and w(G) = 223% < 2(2)9-016¢  4pnq trivially, if € > t2 /4
then w(G) < 3(2)—¢ < 36°/4 « 2(3),

Proof. Let G be a graph such that ¢ < t2/4. We will double count the number of pairs
(uv, ab) where uv is an edge of weight 3 of G and ab is an edge in the complement of G and
{u,v} N{a,b} # 0. Let T be the number of such pairs.

For every edge uv of weight 3, we must have N(u) N N(v) = (). Therefore, d(u)+d(v) < t.
This implies that d(u) + d(v) > 2(t — 1) — t = t — 2. Therefore, there are at least ¢ — 2 edges
ab of G which are incident with uv. This implies that T > e3(t — 2).

13



Now, for each non-edge ab, we want to bound the number of edges of weight 3 which are
incident with a or b. That is, if we denote these quantities N3(a) and N3(b), respectively,
we want an upper bound on |N3(a)| 4+ |N3(b)| (noting that we are counting edges and not
the number of vertices in N3(a) U N3(b)). We claim that for every a € V(G), we have that
IN3(a)| < t/v/2+ 1. In fact, since the edges ua where u € N3(a) have weight 3, they do no
belong to any triangle and therefore N3(a) is an independent set. This implies that

5= (I 2
2 - 2 - T 4
Therefore, |N3(a)| < t/v/2 + 1 as desired. The same bound holds for |N3(b)|. It follows that
|N3(a)| + |N3(b)| < tv/2 + 2. This implies that 7 < (tv/2 + 2)e.
Comparing the upper bound and the lower bound for T, we have that: (tv/2 + 2)é >
e3(t — 2), which implies e3 < (v/2 + 2f+2)e < (v/2+0.01)é. So we proved the first part of
the statement. Now, we conclude that

262363 — 282+63+é <3) ’ L — 2(;)210g2(3/2)63—é < 2(;)2(10g2(3/2)(\/§+0.01)—1)é < 2(;)2(0.84—1)6.
2 2¢ - -

Finally, we note that the case where & > t2/4 is trivial (any remaining edge may have
weight 3). O

The result below establishes two approximate results about (3, F\g)—extremal graphs. Recall
that c; 5 (Kp) > (g) 2(3), So, Part (a) says that, for n large, the extremal number C3 7, (n)

is not much larger than the number of (3, F3)-good-colorings of K,. And Part (b) says that
any large graph that has a chance of being extremal is a near complete graph.

Theorem 4.4. The following hold for the rainbow triangle F\g.

(a) For all 6 > 0 there exists ng such that, if G is a graph of order n > ny, then C3 7, (G) <
9(1+8)n?/2

(b) For all £ > 0, there exists n1 such that, if G is a graph of order n > ny and c, 2 (G) >
2(2), then |E(Q)| > (1) — én2.

Proof. For part (a), fix § > 0 and consider 7 > 0 such that 2y + H(n) < §/4. For this value
of 1, set nj and € given by Lemma 3.4, where we further assume that ¢ < 7/8. Let njj and M
be given by Lemma 3.3 with m = 1/e.

Let ng > max{ny, n(, 1000}, where additionally the inequality (14) holds for all n > ng
(for example, it is enough to have M" 232 < 20m*/4) " Consider a graph G = (V, E) with
n > ng vertices. We want to bound the number of 3-colorings of G that do not have a
rainbow triangle. Fix an arbitrary 3-edge-coloring of G with no rainbow triangle, and let
V1U---UV; be an e-regular partition given by Lemma 3.3 associated with this coloring. Recall
that m <t < M. In the following inequality, we use the symbol “<” (in a weak way) meaning
“sufficiently smaller than”. Our definitions lead to

43<1<5<”<5 (12)
no 4

With respect to the partition V3 U--- U V;, let Ry, Ro and R3 be the cluster graphs on
the vertex set {1,...,t}, with density n/4 > 0, associated with each color, and let R be the
corresponding multicolored cluster graph.
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First we bound the number of 3-edge colorings of G that could give rise to this particular
partition and these cluster graphs. The number of edges that lie within some class of the
partition is bounded above by t(nQ/t) < n?/(2t) < en?/2 < nn?/8, while the number of edges
joining a pair of vertices in classes that are not regular with respect to some color is at most
3et?(n/t)? < 3nn?/8. There are also at most 3n/4 - (3) < 3nn?/8 edges that join a pair of
classes in which their color has density smaller than 7/4. This adds to at most nn? edges.

There are at most (777:122) ways to choose this set of edges and they can be colored in at most
3m* different ways.

For any pair (7,j) with ¢ < j, the remaining edges joining V; to V; may be colored in at
most s; ; ways, where s; ; is the number (1 < 's;; < 3) of cluster graphs amongst R, Ry and

2 /42

R3 for which {i,} is an edge. Since e(V;, V;) < (n/t)?, there are at most szj/t ways to color
these edges. Let Es be the set of edges that appear in exactly s of the cluster graphs and
denote e5 = |Ej|.

This discussion implies that the number of potential 3-edge colorings of G that could give
rise to this vertex partition and these cluster graphs is at most

2
") gmm® (1ergeagesyn®/ e, (13)
nn?

Notice that, the above estimate works for any coloring pattern that we want to avoid, not
only for the rainbow triangle. So, we shall use it again in the proof of Lemma 5.2, which is
about a different pattern.

2 2 2 . . 2 2

The term 3™ may be replaced by the upper bound 247, while the quantity (%2)3”"

may be bounded above by 2(HM+201% hecause of (11).

Next, for an upper bound on 1¢12¢23% note that this value may be obtained from R by
giving weight i to the edges in E; and multiplying the weights of the edges. Let R’ be the
subgraph of R obtained by deleting all the edges of F1. Now, all the edges of R’ have weight
2 or 3, and the product of the weights of its edges is still the same as in R. Notice that R’
contains no triangle with an edge of weight 3, otherwise we could find a rainbow triangle in the
multicolored cluster graph, which, in turn, by Lemma 3.4, would lead to a rainbow triangle
in the original coloring. Therefore, 1¢12¢23% < w(R'), where w is defined as in Definition 4.1.
By Lemma 4.2, we derive 1¢12¢23¢ < 2(2) < 9°/2, This implies that (1¢12¢23¢)7*/f* < 9n°/2|

To conclude the proof of part (a), note that the total number of vertex partitions is bounded
above by M™, while, for a given partition, the number of distinct multicolored cluster graphs

302/

is at most 2 . As a consequence, we have

ey 5, (G) < M™-2M2 g gn/2
S 2(1+5)n2/2 (14)

by our choice of n and 7.
To prove part (b), assume that G is a graph with less than (g) — ¢n? edges and consider
n > 0 such that
164n 4+ 62H(n) < ¢ and 6n+2H(n) <0.1. (15)

The other constants are fixed in terms of 1 as in part (a), and ny is chosen sufficiently large
so that it is larger than n{, and n{ and that the last inequalities in (16) and (17) hold.

We proceed as in part (a), that is, we obtain a multicolored cluster graph R for each 3-edge-
coloring of G with no rainbow triangle and its subgraph R’. Given such a graph R on t vertices,

15



we consider two main cases, according to whether e(R’) = (3) —e(R') > (40n + 15H (n)) t2, or
whether this is not the case. In the former case, we have two sub-cases.
If (40n + 15H (n)) t* < e(R') < t?/4, then Lemma 4.3 implies that

If (R') > t?/4, then Lemma 4.3 together the choice of n and ¢ implies that
g n P
w(R) < 3t%/4 _ glogy(3)t7/4 _ 90.44> _ o(3)(1=6n—2H (n))

In both sub-cases, we have
w(R') < o(3)(1=6n—2H (n))

As in (a), summing over all possible partitions and multicolored cluster graphs, the number
of good colorings of G (that yield a graph R’ as in this case) is at most

M™ 9PM2 o@ntHm)n? | 9(1—6n—2H(m)n?/2 < prn 93M?/2 o(5-nmn* _ 1 2(2). (16)
- 2

Next consider colorings such that e(R') < (40n + 15H (n)) t2. In particular, e(R') < t2/4,
so by Lemma 4.3, we have e3 < (v/2+0.01)e < 2¢. Then e3 < (801 4+ 30H (1)) t2. Once again,
summing over possible partitions and cluster graphs, and using that |E(G)| < (5) — &n?, we

obtain the following upper bound on the number of such good 3-edge-colorings of G:
M™ 9PMP2 o@ntH(m)n? | g(80n+30H (m)n?/2  o(})—En’

< M oPM?[2 o(164n+62H (m)n?/2 | o(5)—€n? < M 93M2f2 o) —€n?/2 < % 9(%) (17)

Combining equations (16) and (17), we derive ¢; 5 (G) < 2@), which proves part (b). O

We conclude this section with the following conjecture.
Conjecture 4.5. The only extremal graph for c, ﬁg(G) is the complete graph K,.

Comparing the number of good colorings of an almost complete graph with the number
of good colorings of the complete graph seems to be hard. We did not find, for example, a
way to construct an injection from the colorings of K, — e (where e is any edge) to those of
Kn. Finding upper bounds for ¢; 7 (K — €) better than those in Theorem 4.4(a) (together
with better lower bound for ¢; 7, (Kn)) could be a first step towards the proof of the above
conjecture.

Although we could not do this, our next theorem gives an upper bound for C3 7, (K,,) which
is better than what we get for taking G = K,, in Theorem 4.4(a). It has a very short proof
and we find that it is interesting on its own right.

Theorem 4.6. The number of 3-edge colorings of K,, avoiding rainbow triangles satisfies

3 n—1
¢y, (Kn) < S(n = 1)L 2("2").

The above theorem is an easy consequence of the following lemma.

Lemma 4.7. Let t > 2 and consider the complete graph Kiy1 on vertices vy, ...,vey1. Let
K; be any 3-coloring of the edges induced by v1,...,vs which avoids a rainbow triangle. Then
the number of ways to color the edges incident to viy1, still avoiding a rainbow triangle, is at
most t2t. In other words, c3 7, (Ves1, K,) < t2t.
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Proof. We prove this by induction on ¢. For ¢ = 2, it is easy to check that we have c, 7 (vs, Kg) =

7 < 2-22. Assume that ¢t > 2 and that the claimed result holds for smaller complete graphs.
Let v = vy and fix a coloring of K, as in the statement of this lemma. Let u be any vertex
of K;. Let N1, N2, and N3 be the set of vertices in K; — v which are adjacent to u by an
edge of color 1, 2, and 3, respectively. Finally, let n; = |N?|, so that ny; +ng +ng =t — 1.
We count the number of ways to color the edges from v to K; for each fixed color of the edge
vu. First assume that vu receives color 1. Then all edges from v to No cannot receive color 3,
and all edges from v to N3 cannot receive color 2. Therefore, there are 2”27 ways to color
the edges from v to No U N3. We argue that the number of ways to color the edges from v to
Ny is at most n12"t + 1. In fact, this is trivial to check for ny = 0 and n; = 1. Finally, since
ny < t—1, for ny > 2 we can use induction: so we can color the edges from v to V] in at
most 712" < ny2" + 1 ways. This gives a total of (n;2™ + 1)2"27"3 ways to color the edges
from v to N7 U No U N3 (given that uv is of color 1). Notice that the last bound works even
when some of the sets N; are empty. The cases in which vu is of color 2 or 3 are analogous.
Adding the values in each case and using ¢t > 2, gives us

Cy p, (0, Ke) < (n1 + mg 4 mg)2mF7es  gnatns  grutns y grunz
< (t—1)2071 g2t ottt 4ot
= (t+2)2""!

t2.

IN

O

Proof of Theorem 4.6. Let v1,v,...,v, be any ordering of the vertices of K,. Applying
Lemma 4.7 for t € {2,...,n — 1}, we obtain

n—1
¢35, (Kn) < ¢ 5 (K2) <H t2t> =3(n— 1) 20",
t=2

5. 3-colorings avoiding patterns with two colors
In this section, we prove Theorem 1.3, which we restate below.

Theorem 1.3. Let k > 3 and let F be a pattern of Ky with two classes, one of which induces
a graph J such that R(J,J) < k. Then, for n sufficiently large, an n-vertex graph G satisfies
¢y p(Q) = ¢ p(n) if and only if G is isomorphic to the Turdn graph Ty, _1(n).

In particular, this works for patterns with two classes for which one of the classes is a star
on at most [(k — 1)/2] edges. For other graphs with small Ramsey number, see [18].

Our strategy to prove Theorem 1.3 is to adapt the general steps of the proof of Theorem 1.1
in Alon, Balogh, Keevash and Sudakov [1] (see also Theorem 1 in [2]) to our context. This
involves proving a stability result, which shows that any graph G with a large number of good
colorings is similar to Ty_1(n), and then proving the desired result by contradiction: starting
with a counterexample on n vertices, one shows that it is possible to find a counterexample on
n — 1 vertices whose ‘gap’ to the desired optimal solution increases. A recursive application
of this step would lead to an y/n-vertex graph whose number of 3-edge colorings that avoid F
is too high to be feasible.

To implement this idea, we define our concept of stability.
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Definition 5.1. A pattern F of K, which has at most 8 classes is said to satisfy the 3-stability
Property if, for every 6 > 0, there exists ng as follows. If n > ng and G is an n-vertex graph
such that c; 5(G) > 3%(F) then there exists a partition V(G) = V4 U --- U Vi_1 such that

Zfz_ll e(V;) < on?.

Note that, if a pattern F satisfies the 3-stability Property, then for any 6 > 0 and n
sufficiently large, it follows immediately that c; z(n) < 3ex(n,F)+dn? prove Theorem 1.3,
we shall demonstrate two auxiliary lemmas. The first states that any pattern F as in the
statement of the theorem satisfies the 3-stability Property, while the second states that the
Turan graph Tx_1(n) is the unique extremal graph for patterns of K}, that satisfy the 3-stability
Property.

Lemma 5.2. Let k > 3 and let F be a pattern of Ky with two classes, one of which induces
a graph J such that R(J,J) < k. Then F satisfies the 3-stability Property.

Lemma 5.3. Let k > 3 and let F be a pattern of Ky, that satisfies the 3-stability Property
(in particular, it has at most & classes). For n large enough, the equality c, 5(G) = ¢4 p(n) is
achieved by an n-vertex graph G if and only if G is isomorphic to the Turdn graph Ti_1(n).

As we have seen, the rainbow pattern of K3 is a pattern that does not satisfy the 3-stability
Property, so that Lemma 5.3 does not apply in this case.

5.1. Proof of Lemma 5.2

__In this section, we shall prove Lemma 5.2. To this end, let £ > 3 and consider a pattern
F of Kj as in the statement of the lemma. Fix § > 0, which we may assume to satisfy § < 1.
Let 8 > 0 and my be given by Erd&s-Simonovits Stability (Theorem 3.5) where « is defined

such that o
52 1ok — 1)ya\F 5
< — T .
a and <1 (k= 1)\/5) 1716 (18)

- 29k‘2

We may assume that 8 < a.
With foresight, consider a parameter 1 > 0 satisfying the following inequality:

22H (1) + 44n < B. (19)

Let ¢ > 0 and n; be given by the Key Lemma (Lemma 3.4), and assume that ¢ < n/4.
Consider ng and M given by the Multicolored Regularity Lemma (Lemma 3.3) with m =
max{1/e,mi, (k—1)/v/a}. Let ng > max{ny,na} such that (22) is satisfied for all n > ng. In
summary, our definitions lead to

1

1
— < <KL P K aK.
ng ~ M

For n > ng, let G = (V, E) be an n-vertex graph such that c; 5(G) > 3ex(nF) and fix an

arbitrary 3-edge-coloring of G that avoids F. Consider a partition Vi U --- UV, associated
with this coloring given by Lemma 3.3 with m <t < M. Let Ry, Ry and R3 be the cluster
graphs (with minimum density 7/4) associated with each of the three colors, and let R be the
corresponding multicolored cluster graph.

Exactly as in Theorem 4.4, defining E, as the set of edges that appear in exactly s of
the cluster graphs and denoting es; = |FEs|, we bound the number of 3-edge colorings of G
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that could give rise to this particular partition and cluster graphs (see equation (13) and the
observation after it):

2
< n 2) 377n2 (161 262363)n2/t2 ) (20)
nn

To find an upper bound on (181232363)”2/t2, we define R;- = R; — FE1, so that 2e3 + 3e3 =
e(R}) + e(Ry) + e(R3). Suppose for a contradiction that e(R}) > tx—1(t), where for shortness
tp—1(t) denotes the number ex(t, K;_1) of edges in the Turan graph Tj;_1(¢). Thus there is
a monochromatic copy of Kj in R;-. For the sake of the argument, assume that it is green.
Because the edges of this copy of K} are not in Ejq, it is possible to assign color red or blue
to each edge e of this copy so that the edge e is an edge in the corresponding cluster graph
R}. Since R(J,J) < k, there is a monochromatic copy of J in blue or red in this copy of
K. Combined with green edges, we generate a copy of K} with the forbidden pattern, which,
because of Lemma 3.4, contradicts the fact that the original coloring did not contain a copy
of F.

Hence 2e3 + 3e3 < 3t;_1(t) and we obtain % < ZEZ:?% - ?2’% Since 2 < 37/ and using
the bound in (11), the upper bound (20) becomes at most

2H(n)n2 317112 (161 9¢€23€3 )n2/7t2

n?
2

21(k—2) , e
< 3(H(77)+77)n2+(22(k—1> + 11?2

We have

21(k—2) | e3 2

c "(G) < Z3<H(n)+n)”2+<22<k—1>+11t2)%, (21)
R

where the sum is over all possible partitions and their corresponding multicolored cluster
graphs R defined by triples (R1, Ro, R3).

First assume that ez < (% — 88n — 44H(77)) % for all such R. The number of vertex
partitions is clearly bounded above by M", while the number of possible choices for Ry, Ro
and Rs is at most 23°/2 < 93?2, Equation (21) leads to

c.n(G) < M". o3M2/2 3((k=2)/2(k=1)—n)n* _ 3te-1(n) (22)

for n sufficiently large, a contradiction.

In particular there must be a multicolored cluster graph R = (R1, Rg, R3) for which ez >
(% — 88n — 44H(77)> %, where Vi U --- U V4 is the corresponding e-regular partition. Let
R = (V(R), E3) be the spanning subgraph of R with edges in E3. By our choice of 8 and
m, Theorem 3.5 ensures that there is a partition W; U--- U Wj,_; of the vertex set of R with
S e(W;) < at?.

Let Uy U---UUk_1 be the partition of V(G) given by U; = Ujew,V;. We argue that the
number of edges in U*~ G[U;] is small. First note that:

(i) the number of edges that come from a pair of classes (Vj, Vj/) such that {j, '} ¢ EyUE,U
E5 because the pair is not e-regular for at least one of the colors is at most 3st?(n/t)? =

3en?;
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(ii) the number of edges that come from a pair of classes (Vj,Vj/) such that {j,j'} ¢ E1 U
E5 U E3 because the pair is sparse for all colors is at most 3nn?;

(iii) the number of edges with both endpoints in a same set V; is bounded above by t(n/t)? =
n?/t < en?.
It remains to bound the number of edges in pairs (V}, V) such that j,j € W; for some
i € {1,...,k — 1}, with the additional properties that {j,j'} € E(R) = E; U E; U E3 and
(Vj, Vjr) is e-regular for all colors. Let (V},V}s) be such a pair. In the claim below, we assume
without loss of generality that ¢ = k — 1 to simplify the notation.

Claim 5.4. There are no sets Vj,,...,Vj, _,, where j, € Wy for all € € {1,...,k — 2}, such
that both {j1, ..., jk—2,7} and {j1,. .., jr—2,j'} induce copies of Kj_i in R.

Proof of the claim. Assume for a contradiction that there are such sets and let o be a color
for which {j,j'} € E(R,). This implies that {j1,...,jk_2,7,7'} induces a copy of K} in R,
and a copy of K —{j,7'} in the cluster graphs corresponding to the other colors. This clearly
leads to a copy of K}, colored according to F (where o is one of the colors) in the multicolored
cluster graph. Lemma 3.4 leads to the desired contradiction and proves the claim.

To conclude the proof of Lemma 5.2, we find an upper bound on the number N of pairs
(4,7") in a same set W; for which there are no sets Vj,,...,Vj, ,, one in each of the remaining
classes Wy, such that both {ji...,jx_2,5} and {Jj1,...,jr_2,4'} induce copies of Kj_; in R.
To this end, let B be the (k — 1)-partite subgraph of R induced by the classes W1, ..., Wi_1,
so that

k—2 t?
B) > — = —44H(n) —2a ) —.
«B) > (Fo3 - ss0- waH() - 20)

The following lemma implies that the size of each W; is not far from ¢/(k — 1). A proof of
this fact may be found in [12].

Lemma 5.5. Let H = (W, E) be a (k — 1)-partite graph on t vertices with (k — 1)-partition
W =Wy U---UWy_1. If, for some f > (k—1)2, the graph H contains at least ex(t, K;) — f
edges, then fori € {1,...,k — 1} we have

- < D -2 < vaF

Let v = /441 + 22H(n) + . Note that v < v2a < l%k. Our choice of m implies that
v?t? > at? > am? > (k — 1)2. This allows us to apply this lemma to the graph B, and we
deduce that |W; —t/(k — 1)] < ~t for all i € {1,...,t}. Clearly, each of the at most ¢
edges removed from the complete multipartite graph with classes Wy, ..., Wy_1 to produce B
eliminates at most (t/(k — 1) + vt)*~3 copies of K;_;. As the number of copies of Kj_; in
this complete multipartite graph is given by

k—1
t
Wil Wil = (g =)

we derive that B contains at least

t k—1 ¢ k—3
(kj——l_-vt) —-WQtQ <k¢——1+_7t> (23)
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copies of Kj_1.
Let

Clearly, given i € [k — 1], there are at most 2s copies of Kj_o with one vertex in each set
W, with ¢ # i. For any edge {j,7'} € E(R), to avoid the occurrence of sets Vj,,...,V}, , as
in Claim 5.4, no such copy Kj_s in R can form copies of Kj_; with both j and j'. Hence
at least one of 7,5 lies in at most s copies of Kj_1 in R by the pigeonhole principle. Let
A be the number of elements j € [t] which lie in at most s such copies of Kj_1. Clearly
N<(k-1)- (ﬁ + *yt) -A<2-t-A. To find an upper bound on A, consider the auxiliary

bipartite graph B’ whose bipartition is given by [t] = V(B) and by the set K2 | of copies of
Kj_1 in B. We add an edge {u, K'} whenever the vertex u lies in the clique K. Clearly, A
is the number of elements j € [t] with degree at most s in B’. The number of edges in B’ is
(k—1) ‘K,?_l‘. Since every vertex j € [t] lies in at most 2s such copies of K1 we have

, A ¢ k—2 ¢ k—2
< | — _ -
e(B)_2<k_1+’yt> +(t A)(k_l—i-’yt) ,

and (23) implies that

This leads to

1=~k —1\"2  (k—1)2y%
7 = t_t(l_”y(k_l))<1+z(k—1)> +1+(k—1)7
b =y — 1)) (1 6/16) + (k — 1)t

)
< 2(k — 1)yt + —t.
< 2k =Dt o6
In particular, the number of edges in G with endpoints in sets Vj, Vj» that are contained in the
same W; with the additional property that j or j’ lie in at most s copies of K 1 in R with
one vertex in each set Wy is bounded above by
ny 2 n? 9 0 o
N(—) <2-A-— <8(k—1)yn“+ -n*.
t t 4
Putting everything together, we conclude that the number of edges in G with endpoints
in a same U; is at most
) k—1)6 )
3en® + 3nn? + en® 4 8y(k — 1)n? + ZnQ < 4nn® + (4k)n2 + 1712,
where we used v < v/2a. This is less than dn? by our choice of € < /4 and n < B < §/8.
Therefore Uy, ...,Ug_q is the desired partition. This finishes the proof of Lemma 5.2. O
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5.2. Proof of Lemma 5.8

The aim of this section is to prove Lemma 5.3, which states that the Turan graph Tj_1(n)
is the unique F-extremal graph for any pattern F’ of K}, that satisfies the 3-stability Property.
We shall use the following result from [1].

Lemma 5.6 ([1]). Let G be a graph and W1y, ..., Wy be subsets of vertices of G such that,
for every pair i # j and every pair of subsets X; C W; and X; C W; with | X;| > 107F W]
and | X;| > 107F|W;|, there are at least |X;||X;|/10 edges between X; and X; in G. Then G

contains a copy of Ky with one vertex in each set W.
Now, we can give a proof for Lemma 5.3.

Proof of Lemma 5.3. Our proof is inspired by the proof of Theorem 1.1 in [1], which may be
slightly shortened because of Lemma 2.9. Let £ > 3 and let F be a pattern of K}, satisfying
the 3-stability Property (see Definition 5.1). For fixed § > 0, which will be chosen conveniently
later, let ng be given as in the definition of 3-stability.

Suppose that G = (V,E) is a (S,ﬁ)—extremal graph on n > nZ vertices with at least
3te-1(M+m distinct 3-edge colorings that avoid F , for some m > 0. We claim that, if we
assume that G is not isomorphic to Tx_1(n), then G contains a vertex v such that G — v has
at least 3t-1(n=1)+m+1 distinct 3-edge colorings that avoid F. Repeating this argument, we
obtain a graph on ng vertices with at least 3t-1(ro)+m+n—no 5 3n§ qych 3-colorings. This is
a contradiction, as a graph on ng vertices has at most n% /2 edges, and hence at most 3n3/2
distinct 3-edge colorings.

To implement this idea, let G be a graph with at least 3%-1("+m digtinct F-free 3-edge
colorings, and assume that G is not isomorphic to Tj_1(n). The above claim holds easily if
0(G) < 0k—1(n), where d;_1(n) denotes the minimum degree of Tj_1(n), simply choosing v as
a vertex of minimum degree: in fact, each good coloring of G — v can be extended to a good
coloring of G in at most 3%(%) ways, so we have ¢(G) < 3% ¢(G — v), therefore ¢(G — v) is at

least
370G gtk—1(n)+m > gtp_1(n)=0p—1(n)+m+1 _ gtp_1(n—1)+m+1

Thus we assume that §(G) > dx—1(n). Let V3 U--- U Vi_1 be a partition of V that
minimizes >, e(V;), so that it satisfies >, e(V;) < dn?, by the choice of § and ng in terms of
the 3-stability Property. If we fix § = 107''% because of Lemma 5.5 we can easily claim that
|Vi| = n/(k —1)] < V2-10~1kn2 < \/2/10F - 10-10Fn2 < /2/10% - 10~%%n < 10~ %n,.

First assume that G contains a vertex v with at least n/(103k) neighbors within its own
class. The minimality of ), e(V;) implies that v has at least this many neighbors in each of
the classes V; (otherwise we would move v to a different class). Given a good coloring of G,
we say that a color o is rare with respect to v and V; if it appears at most n/(103%) times
in edges between v and V;, otherwise it is called abundant. A class V; is said to be s-weak if
there are s rare colors with respect to v and V;. More generally, a class is said to be weak if it
is either 1- or 2-weak. Because v has a large number of neighbors in each class, note that, for
every i, at least one of the colors is abundant with respect to v and V;, and hence no class is
3-weak (recall that we only use three colors). We split the set C of 3-colorings of G that avoid
F into classes C1 UCq, where C; contains the colorings that satisfy the following properties for

some choice of colors o1,...,0_1:

(i) there is a coloring of K} according to the pattern F such that the k — 1 edges incident
with some vertex x have colors o1, ...,0%_1, respectively;
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(ii) for every i € {1,...,k — 1}, color o; is abundant with respect to v and V;.

In other words, a coloring lies in C; if it allows a partial embedding of F into G where z is
mapped to v, the neighbors of x are mapped to distinct classes V;, and the colors between x
and its neighbors are all abundant with respect to v and the respective V;.

We observe that, if a coloring lies in Cy, either there are three or more weak classes or there
are exactly two weak classes and at least one of the classes is 2-weak. Indeed, if there are only
two weak classes V; and V; and both are 1-weak, we may clearly choose abundant colors o; and
oj with respect to V; and Vj, respectively, regardless of whether we want them to be different or
the same. Since all colors are abundant for any remaining class, we can always extend this to a
partial embedding that respects the pattern F. Observe, however, that this is not necessarily
the case when three classes are weak, as we can avoid monochromatic neighborhoods (by
assigning distinct sets of colors to the weak classes) or a pattern of K, where each edge is
incident with three colors (by assigning the same set of colors to all weak classes). We may
also avoid monochromatic patterns if there are two weak classes, and one of them is 2-weak
(as we may assign disjoint sets of colors to the weak classes).

We first consider colorings in C;. Let A be such a coloring, and let o1,...,04-1 be the
colors that witness this. Consider the associated coloring of K} according to F, where x is
the vertex described in (i) and x; denotes the neighbor of = incident with the edge of color
oi. Let 0;; be the color of {x;,z;} in this coloring of Kj. Let W; C V; N N(v) be the set of
vertices in V; that are adjacent to v by an edge of color o;, so that |[W;| > n/(10%%) for all 4.
We claim that the following property cannot hold:

For all distinct j, 5/ € [k — 1], all colors o and all X; C W; and X;; C Wy
with |X;| > 107%F1|W;| and | X;/| > 10~%"1|W;/|, the number of edges of
color o between X; and X/ is at least | X;||X;|/10.

Indeed, if this property were satisfied, Lemma 5.6 would lead to a copy of Kj_1 in G with
vertex set v1,...,v,_1 such that v; € W; for all i and {v;,v;} has color o; ; for all distinct i
and j. The subgraph of G induced by v, v1,...,vr_1 would be a copy of K} colored according
to I , a contradiction.

Because of this, to obtain an upper bound on |C;|, we may proceed as follows. There are
at most 22" ways to choose X ; and X/ (this is a rough upper bound that uses the fact that
the vertex set of the graph has 2" possible subsets.) Moreover, once these sets are chosen, the
edges between them may be colored in at most

| X511 X 5| > X 11X | 2 E(G) = E(X;,X )]
2l X113 Xy (24)
<|ij|Xj/|/10

< o H(0-1)| X[ X9 X;11X 31 [ g B(G)| = E(X,X 1) < 93/21X; 11X/ 131 E(G)| = E(X;,X )]

ways. By the fact that the number of edges in E(G) — E(Xj, Xj/) is at most t5_q1(n) +
1071 n? — | X;||X;/|, the number of colorings in C; is bounded above by

111X
22n <\/§> ’ ’ 3tk,1(n)+10_11kn2
3

n2/(104k+4)
< 22n <\/§> 310711]671,2 3tk.,1(n) < <22n3(10711k—1074k76)n2> Stkfl(n)
3 = ’
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which is much smaller than 3%-1(") for sufficiently large n because V8/3 < 37001,

Since |C| > 3t%-1(M+m by hypothesis, this bound on |C;| implies that |Cy| > 3tk-1()+m—1,
By our previous discussion, there are two possibilities. Firstly, there may be three weak classes
Vi, Vj, and Vj, (this may only happen for & > 4). Secondly, there may be two weak classes
V;, and Vj,, where one of them, say Vj,, is 2-weak.

Suppose that we are in the first case. The number of ways of choosing the classes Vj,, V},
and V;, and coloring the edges between v and V;, UV}, UV}, is bounded above by

s Vil Vil Visl \olvi, 141Viy 141V
(3k) <n/163k> <n/1(2)3’f n/l(g)?’k 2ttt

1/(k — 1) + 10~5%)n\ ® 1)43.10-5k
< 3(( (3/(k—1)43-1075%)n
< (3) < n/103k 2

< 2(3~H(0.001)/(k—1)+3/(k—1)+3-10*5’“)n < 2(3.06/(k—1)+3~10*5k)n

9

for large n, since H(0.001) < 0.02. Moreover, v is adjacent with at most ((k —4)/(k — 1) +
3-107%%)n vertices outside Vj, UV}, U Vj,, and hence the edges between v and the remainder
of the graph may be colored in at most 3((k=4)/(k=1)+3-10""")n

ways of coloring the edges incident with v is at most,

ways. Therefore the number of

9(3.06/(k=1)+3-10""*)n g ((k—4)/(k—1)+3-10"%)n_

In the second case, we proceed similarly. The sets V;; and V), may be chosen in at most
k? ways, and the edges between v and V; U V5 may be colored in at most

_ 3

ARSAA 9lVigl < (1/(k = 1) +107%")n o(1/(k=1)+10~5%)n
n/10%% ) \n/103k - n/103k

< 2(3~H(0.001)/(k—1)+1/(k—1)+10*5k)n < 2(1.06/(k—1)+3-10*5k)n'

The remaining edges between v and the other classes may be colored in at most 3((k=3)/(k=1)+2-107")n

ways.
If £ > 4, we have at most
2(3.06/(k—1)+3-10_5k)n3((k—4)/(k—1)+3~10_5k)n + 2(1.06/(k—1)+3-10_5k)n3((k—3)/(k—1)+2-10_5k)n

< 9. 2(3.06/(k—1)+3-10_5’“)n3((k—4)/(k—1)+3~10_5k)n

)

ways to color the edges incident with v, and hence every good coloring of G—v may be extended
to at most this many distinct colorings of G. This implies that the number of colorings of
G — v is at least

gte—1(n)+m—1 2—(3.06/(k—1)+4-10*5’“)713—((k—4)/(k—1)+3-10*5’“)n
3tk_1(n)—(k—4)/(kz—1)n+m—12—3.06n/(k—1)6—4-10’5’“77,
3tk,1(n—1)+m—132/(k—1)n2—3.06n/(k—1)6—4-10—5’%

(AVAR VARV

3tk,1(n—1)+m—131.95/(k—1)n2—3.06n/(k—1) > gtk,l(n—l)—l-m—&-l

)

because 2300 < 3195 as required in this case.
If k = 3, a similar argument allows us to conclude that the number of colorings of G — v
is at least

gte—1(n)+m—1 2—(1.06/(k—1)+3-10*5’“)713—((k—3)/(k—1)+2-10*5’“)n (25)

3tk,1(n—1)+m—131/(k—1)n2—1.06n/(k—1)6—3-10—5’%

AVANAY]

3tk,1(n71)+m7130.95/(k71)n271.06n/(k71) > Stk,l(nfl)+m+1

)
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because 2106 < 30-95

Finally, we consider the case where each vertex has fewer than n/(103k) neighbors within
their own class. First consider the case F' # Ty (see Figure 1). Since G is (3, F)-extremal,
it must be a complete multipartite graph by Theorem 1.2. Clearly, n/(103k) < (|Vi| — 2)/2
for every 1 < i < k — 1. Assume that there is an edge vw with both ends inside some class
Vi. Then, the set V; has nonempty intersection with at least two classes of G, and hence a
vertex in the smallest nonempty intersection must be adjacent to at least |V;|/2 vertices in
Vi, a contradiction. Hence GG is a subgraph of the complete multipartite graph with classes
ViuVaU---UVg_1, so that e(G) < tx_1(n) with equality if and only if G is isomorphic to
Ti—1(n) by Turan’s Theorem.

Now, we consider the case in which F = Ty and all vertices have fewer than n/(3 - 10%)
neighbors within their own class. The assumption that G has at least 3*2(") distinct F-free
3-colorings and is not bipartite implies that there are vertices v and w in some class V;, say
V1, such that vw is an edge of G.

Consider the class of colorings such that vw has color o (for each o € {1,2,3}). Fix u € V5.
If u is adjacent to both v and w, either both of the edges uv and uw are colored o, or they
both have distinct colors, none of which is o. In particular, there are three ways to color these
two edges. Of course, there are also at most three ways to color a single edge between w and
the set {v,w}. Since v and w have a small number of neighbors in V;, the number of ways of
coloring the set of edges incident with v and w without producing a copy of Tj is at most

3.32n/(3:10°%) _ glva| < gn/10° g|Va|,

As in (25), and using that |Va| < n/2 +n/10'%, we deduce that
3t2(n)+m

to(n—2)+m _qta(n)—ta(n—2)—n/103—n/2—n/10'°
= 3n/103+ V3] > 37 37 ’

> 3t2(n72)+m+27

31, (G—v—w)

since ta(n) — to(n — 2) = n — 1. This completes the proof. O
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Appendix A. Proof of Lemma 4.2
Here we give a proof for Lemma 4.2, which holds for graphs on any number of vertices.

Proof of Lemma 4.2. Fix some natural number n. Let G be a graph on n vertices which
maximizes w(G), where w is given by Definition 4.1. For v € V(G) define w(v) as the product

1/2
of the weights of the edges incident with v. Clearly, w(G) = (HvGV(G) w(v)) . We will use

an argument similar to the Zykov’s Symmetrization proof of Turén’s Theorem.

First, we show that, for any two non-adjacent vertices u,v, we must have w(u) = w(v).
Suppose, for a contradiction, that there are non-adjacent u,v € V(G) such that w(v) > w(u).
We create a new graph G* from G by deleting u and cloning v, that is, adding a new vertex v’
adjacent to the same neighbors as v. Note that, when we delete u, the weight of the remaining
edges may only increase. When we add v/, the weight of all edges in G \ {u} will stay the
same in G*, since any edge of G \ {u} belongs to a triangle in G \ {u} if and only if it belongs
to a triangle in G*. Furthermore, in G* we have w(v') = w(v). Therefore, we have that
w(G*) > w(G), contradicting the fact that w(G) is maximum.

If all the edges of G have weight 2, then the result follows trivially. So, assume that G has
an edge of weight 3, and let  be one of the endpoints of such an edge. We will prove that
all vertices must have the same weight. Let N () be the set vertices adjacent to  and N(x)
be set of vertices non-adjacent to x. Moreover, for i = 2,3, let N;(z) = {u € V(G) : zu €
E(G) and w(xu) = i}. Note that N3(x) is non-empty (while N(x) and Na(x) may be empty).
Let y € N3(z). Notice that, since edges of weight 3 do not belong to any triangle, there can be
no edges inside N3(z) or from N3(z) to Nao(x) (so vertices in N3(x) are isolated in G[N(z)]).
By the previous discussion, we have that every vertex in N(z) must have weight equal to
w(z) and every vertex in N(z) must have weight w(y). Suppose, for a contradiction, that
w(x) # w(y). If there were two non-adjacent vertices a,b with a € {z} U N(z) and b € N(z),
then we would have w(a) = w(b) which implies that w(z) = w(y). Therefore, the graph G
must contain all edges between {x} UN(z) and N(z). We claim that, in this case, {z}U N (z)
and N(x) must be independent sets. To prove this, let a € N(z). Notice that, since the weight
of a vertex is a number of the form 2P3%, by the unique factorization in primes, the fact that
w(a) = w(x) implies that |N;(a)| = |N;(x)| for i = 2,3. In particular, |N(a)| = |[N(x)|. And
since a is adjacent to all elements in N (x), it follows that a cannot be adjacent to any element
in {z} U N(z). Therefore, {x} U N(x) is independent. Similarly, since y is isolated in N(z)
and adjacent to all vertices in {z} U N(z), and for any b € N(z) we have w(b) = w(y), it
follows that b cannot have any neighbors in N(z). Therefore, N(z) is independent. It follows
that G is a complete bipartite graph. But this implies that w(G) < 3ex(Ks) < 2(3) = w(Ky),
which contradicts the fact that w(G) is maximum.

Now we know that all vertices have the same weight w(z). This implies that there are
natural numbers da, d3, d such that for all v € V(G), we have |Na(v)| = da, |N3(v)| = d3 and
|N(v)| = d. Now, as before, if it happens that d3 # 0, we take = and y such that y € N3(z)
and note that all neighbors of y belong to N(x) U {x}. This implies that ds +d3 < d+ 1 and,
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since dg + d3 +d = n — 1, we have dg + d3 < n/2. Therefore, w(G) = (HveV(G) w(v)> =
(<2d23d3)n)1/2 < 3n2/4 < 2(721)
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